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Abstract
Following a recent work of Dolan and Osborn, we consider superconformal
indices of four dimensional N = 1 supersymmetric field theories related by an
electric-magnetic duality with the SP (2N) gauge group and fixed rank flavour
groups. For the SP (2) (or SU(2)) case with 8 flavours, the electric theory has
index described by an elliptic analogue of the Gauss hypergeometric function
constructed earlier by the first author. Using the E7-root system Weyl group
transformations for this function, we build a number of dual magnetic theories.
One of them was originally discovered by Seiberg, the second model was built
by Intriligator and Pouliot, the third one was found by Csa´ki et al. We argue
that there should be in total 72 theories dual to each other through the action
of the coset group W (E7)/S8. For the general SP (2N), N > 1, gauge group, a
similar multiple duality takes place for slightly more complicated flavour symmetry
groups. Superconformal indices of the corresponding theories coincide due to the
Rains identity for a multidimensional elliptic hypergeometric integral associated
with the BCN -root system.
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1 Introduction
One of the more important recent achievements of mathematical physics consists of
the discovery of elliptic hypergeometric functions – a new class of special functions of
hypergeometric type (see [1] for a survey of the corresponding results and relevant liter-
ature). These functions have found applications in the theory of Yang-Baxter equation,
integrable discrete time chains, elliptic Calogero-Sutherland type models and so on.
Although connection with the classical root systems has been explicitly traced in the
structure of many elliptic hypergeometric functions, their group theoretical interpreta-
tion remained largely obscure.
In recent papers Ro¨melsberger [2] and Kinney et al [3] have described topological
indices for four dimensional supersymmetric conformal field theories. As suggested
in [2], superconformal indices of the N = 1 models related by Seiberg duality [4, 5]
should coincide as a result of some complicated group theoretical identities. Following
Ro¨melsberger’s ideas, Dolan and Osborn [6] have connected superconformal indices of
a number of N = 1 supersymmetric field theories with specific elliptic hypergeometric
integrals. Corresponding dual theories have the same indices due to nontrivial identities
for these integrals [1].
For example, in [7] the first author has discovered the elliptic beta integral opening
the door to a new class of computable integrals. It is described by the following exact
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integration formula:
(p; p)∞(q; q)∞
2
∫
T
∏6
j=1 Γ(tjz
±1; p, q)
Γ(z±2; p, q)
dz
2πiz
=
∏
1≤j<k≤6
Γ(tjtk; p, q), (1)
where six complex parameters tj, j = 1, . . . , 6, and two base variables p and q satisfy
the inequalities |p|, |q|, |tj| < 1 and the balancing condition
6∏
j=1
tj = pq.
Here T denotes the unit circle with positive orientation and
Γ(z; p, q) :=
∞∏
j,k=0
1− z−1pj+1qk+1
1− zpjqk
is the elliptic gamma function. In (1) and below we denote (t; q)∞ :=
∏∞
k=0(1− tqk) and
use the conventions
Γ(tz±1; p, q) := Γ(tz; p, q)Γ(tz−1; p, q), Γ(z±2; p, q) := Γ(z2; p, q)Γ(z−2; p, q),
Γ(tz±1w±1; p, q) := Γ(tzw; p, q)Γ(tzw−1; p, q)Γ(tz−1w; p, q)Γ(tz−1w−1; p, q).
As shown by Dolan and Osborn [6], the left hand side of formula (1) describes the
superconformal index of the “electric” theory with SU(2) gauge group and quark super-
fields in the fundamental representation of the SU(6) flavour group. The “magnetic”
dual theory, suggested by Seiberg in [4], does not have gauge degrees of freedom; the
matter sector contains meson superfields in 15-dimensional antisymmetric SU(6)-tensor
representation of the second rank; and its superconformal index is described by the right-
hand side of relation (1). This duality provides the simplest example of the so-called
s-confining theories.
Seiberg duality is a fundamental concept of the modern quantum field theory [4, 5,
8, 9, 10, 11, 12, 13, 14, 15, 16]. Corresponding models contain particular sets of fields
transforming as representations of the group Gst × G × F , where Gst = SU(2, 2|1) is
the space-time superconformal symmetry group (containing the R-symmetry subgroup
U(1)R rotating supercharges), G is the local gauge invariance group, and F is the global
flavour symmetry group. Conditionally, electric theories are considered as manifesta-
tions of a unique complicated “stringy” dynamics in the weak coupling regime. The
magnetic theories are assigned then to the strong coupling limit. Some of the electric
theories can have more than one dual magnetic partner, as was described for the first
time by Intriligator and Seiberg [10] (these partners may differ by symmetries, fields
content, or superpotentials).
We have considered systematically superconformal indices of known N = 1 super-
symmetric theories obeying Seiberg dualities and compared them with known elliptic hy-
pergeometric integrals. There are many dualities for G composed from SU(N), SP (2N),
SO(N), G2 groups and F fixed as products of SU(Nf ) and U(1) groups. For some of
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them, coincidence of superconformal indices was established in [6] as a consequence of
previously shown relations for integrals. As a result of our analysis, we confirm equality
of such indices for several other dual theories and, additionally, we arrive at many new
conjectures for different elliptic hypergeometric functions identities. Moreover, from
some known integral identities, we arrive at a good number of new Seiberg dualities. In
this paper we limit ourselves to the models with G = SP (2N) and fixed rank flavour
groups SU(8) or SU(8) × U(1) and SU(6) or SU(6) × U(1), and their various splits
into products of SU(4), SU(3), SU(2), and U(1) groups. All the dualities described in
this paper contain relation (1) as a special limiting case of the superconformal index
equalities.
The main motivation for us to consider these particular cases of flavour groups
comes from the properties of the elliptic analogue of the Gauss hypergeometric function
constructed by the first author [17, 1]. This function transforms nicely under the action
of the Weyl group W (E7) for the exceptional root system E7, and it is interpreted as
a superconformal index for field theories with G = SP (2) (or SU(2)) and F = SU(8).
Using this fact, we conjecture existence of distinguished 72 supersymmetric field theories
related to each other by the Seiberg dualities (i.e., all of them should coincide in the
infrared fixed points). The first duality was discovered by Seiberg himself [5]. The
second dual theory was found by Intriligator and Pouliot in [12]. The third admissible
magnetic theory was discovered by Csa´ki et al in [15]. Here we argue for the existence of
other models using different interpretation of the flavour groups. Moreover, our analysis
shows that reduction of the number of flavours from 8 to 6 preserves the multiple duality
phenomenon which indicates on the incompleteness of the “Nf = Nc+1” Seiberg duality
analysis existing in the literature.
For G = SP (2N), N > 1, we use the generalized symmetry transformations for
the type II elliptic hypergeometric integral on the BCN -root system established by
Rains [18]. These transformations are described again by the Weyl group W (E7). By
interpreting the latter integral as a superconformal index, we conjecture again existence
of 72 self-dual theories. Only one of the corresponding dualities was found earlier in
the literature [14]. Here we present two new different classes of dualities employing
the antisymmetric tensor matter field. The ’t Hooft anomaly matching conditions are
satisfied for all our dualities (for smaller flavour groups). The details, as well as a full list
of known dual theories and related superconformal indices, are described in a separate
paper [19].
2 Superconformal index
In [2] Ro¨melsberger has constructed the superconformal index which counts BPS op-
erators protected only by one supercharge in four dimensional N = 1 superconformal
theories. According to his analysis, first one should determine the index for single par-
ticle states which is given by the formula (for more details on the construction and the
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superconformal group, see [2, 6])
i(t, x, h, g) =
2t2 − t(x+ x−1)
(1− tx)(1− tx−1)χadj(g)
+
∑
i
t2riχRF ,i(h)χRG,i(g)− t2−2riχR¯F ,i(h)χR¯G,i(g)
(1− tx)(1 − tx−1) . (2)
Here the first term represents contribution of gauge fields belonging to the adjoint repre-
sentation of the group G. The sum
∑
i runs over chiral matter fields ϕi transforming as
the gauge group representations RG,i and flavour symmetry group representations RF,i,
with χadj(g), χRF ,i(h), and χRG,i(g) being the appropriate characters. Logarithms of the
free parameters t and x play the role of chemical potentials for particular generators of
the superconformal algebra. The terms proportional to t2ri and t2−2ri result from the
chiral scalar fields with the R-charges 2ri and fermion descendants with ¯ =
1
2
of the
conjugate anti-chiral partners whose R-charges are equal to −2ri. In order to determine
the index for all gauge singlet operators relevant for confining theories, formula (2) is
then inserted into the “plethystic” exponential averaged over the gauge group, which
yields the matrix integral
I(t, x, h) =
∫
G
dµ(g) exp
( ∞∑
n=1
1
n
i
(
tn, xn, hn, gn
))
, (3)
where dµ(g) is the G-invariant measure. Such type of formulas appeared in computation
of partition functions of different statistical mechanics models and quantum field theo-
ries, see, e.g., [20, 3, 21] and [22] (where this algorithm was referred to as the “plethystic
program”) or [23].
Suppose that we have a chiral superfield with some U(1) symmetry. Then the corre-
sponding parameter r in the above formula is replaced by r+ s, where s is an arbitrary
chemical potential associated with the generator of U(1). It is convenient to introduce
new variables
p = tx, q = tx−1, z = t2s, y = t2rz,
and to assume that p, q are real and 0 ≤ q, p < 1. Then the single particle states index
takes the form
iS(p, q, y) =
t2rz − t2−2rz−1
(1− tx)(1− tx−1) =
y − pq/y
(1− p)(1− q) . (4)
As a result of the described index building algorithm, one obtains the elliptic gamma
function [2]
Γ(y; p, q) = exp
( ∞∑
n=1
1
n
iS(p
n, qn, yn)
)
=
∞∏
j,k=0
1− y−1pj+1qk+1
1− y pj qk . (5)
This is precisely how Γ(y; p, q) emerged in the partition function asymptotics for Baxter’s
eight vertex model [1]. For the gauge field part one can set
iV (p, q) =
2t2 − t(x+ x−1)
(1− tx)(1 − tx−1) = −
p
1 − p −
q
1− q = 1−
1− pq
(1− p)(1− q) .
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Since for SP (2) (or SU(2)) gauge group one has χadj(g) = z
2 + z−2 + 1, the algorithm
yields for different pieces of this character
exp
( ∞∑
n=1
1
n
iV (p
n, qn)(z2n + z−2n)
)
=
θ(z2; p)θ(z2; q)
(1− z2)2
=
1
(1− z2)(1− z−2)Γ(z±2; p, q) ,
exp
( ∞∑
n=1
1
n
iV (p
n, qn)
)
= (p; p)∞(q; q)∞,
where the theta function is defined as
θ(z; p) = (z; p)∞(pz
−1; p)∞ =
∞∏
j=0
(1− zpj)(1− z−1pj+1). (6)
3 Multiple duality for SP (2) gauge group
3.1 Electric theory with the flavour group F = SU(8)
In this section we consider multiple duality phenomenon for a particular electric theory
defined as supersymmetric QCD with the internal symmetry group G× F , where
G = SP (2), F = SU(8).
All N = 1 supersymmetric theories have the global R-symmetry described by U(1)R-
group. So, in the taken version of SQCD, we have one chiral scalar multiplet Q belonging
to the fundamental representations (denoted as f) of SP (2) and SU(8), and the vector
multiplet V in the adjoint representation (denoted as adj) of SP (2) without coupling
to SU(8). We gather information about properties of the fields in Table 1, where we
provide values of ri for the U(1)R-group in the last column.
Table 1.
SP (2) SU(8) U(1)R
Q f f 1
4
V adj 1 1
2
Characters χR(g) for g ∈ SP (2) are functions of one complex variable z, while the
characters χR(h) for h ∈ SU(8) are functions of eight complex variables
y = (y1, y2, y3, y4, y5, y6, y7, y8),
8∏
i=1
yi = 1.
The single particle state index is given by the expression
iE(p, q, z, y) = −
(
p
1− p +
q
1− q
)
χSP (2),adj(z) (7)
+
1
(1− p)(1− q)
(
(pq)rχSU(8),f (y)χSP (2),f(z)− (pq)1−rχSU(8),f (y)χSP (2),f(z)
)
,
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where 2r = 1/2 is the R−charge of the scalar component of the field Q. The electric
index is given then by the following integral (corresponding characters can be found in
the Appendix, and we borrow the matrix group measures from [6]):
IE =
(p; p)∞(q; q)∞
2
∫
T
∏8
i=1 Γ((pq)
1/4yiz
±1; p, q)
Γ(z±2; p, q)
dz
2πiz
. (8)
In [17] the first author has constructed the following elliptic hypergeometric function
I(t1, . . . , t8; p, q) = κ
∫
T
∏8
j=1 Γ(tjz
±1; p, q)
Γ(z±2; p, q)
dz
z
, κ =
(p; p)∞(q; q)∞
4πi
, (9)
with the constraints |tj| < 1 for eight complex variables t1, . . . , t8 ∈ C and the balancing
condition
∏8
j=1 tj = (pq)
2. This integral is interpreted as a natural elliptic analogue
of the Gauss hypergeometric function since it has many classical properties [1]. In
particular, it obeys the following symmetry transformation derived in [17] (see there
formula (6.11) for n = 1)
I(t1, . . . , t8; p, q) =
∏
1≤j<k≤4
Γ(tjtk; p, q)Γ(tj+4tk+4; p, q) I(s1, . . . , s8; p, q), (10)
where complex variables sj , |sj| < 1, are connected with tj , j = 1, . . . , 8, as follows
sj = ρ
−1tj , j = 1, 2, 3, 4, sj = ρtj , j = 5, 6, 7, 8, (11)
ρ =
√
t1t2t3t4
pq
=
√
pq
t5t6t7t8
.
This fundamental relation extends the evident S8-permutational group of symmetries of
the integral in parameters tj to the Weyl group W (E7) of the exceptional root system
E7 [18].
Evidently, integral (9) coincides with the electric superconformal index after appro-
priate change of variables. In the following sections we use formula (10) as a base for
establishing equalities of superconformal indices in known simplest Seiberg dual theories,
as well as for the discovery of new dualities.
Let ei, i = 1, . . . , 8, form an orthonormal basis of the Euclidean space R
8. Denoting
as 〈x, y〉 the scalar product in this space, we have 〈ei, ej〉 = δij . The root system A7
consists of the vectors v = {ei − ej , i 6= j}, and its Weyl group S8 (of dimension 8!) is
generated by the reflections
x→ Rv(x) = x− 2〈v, x〉〈v, v〉 v, (12)
acting in the hyperplane orthogonal to the vector
∑8
i=1 ei. This hyperplane vectors
x =
∑8
i=1 xiei ∈ R8 satisfy the constraint
∑8
i=1 xi = 0. Evidently, Rv(λv) = −λv for
any λ ∈ C and R2v = 1.
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Consider now the change of variables tj = e
2piixj (pq)1/4 in integral (9), which automat-
ically satisfies the balancing condition. The transformation of parameters in (10) corre-
sponds then to the reflection Rv(x) with respect to the vector v =
1
2
(
∑4
i=1 ei −
∑8
i=5 ei)
of the length 〈v, v〉 = 2 belonging to the root system E7:
x′ = (x′1, . . . , x
′
8) = (x1 − δ, . . . , x4 − δ, x5 + δ, . . . , x8 + δ), δ =
1
2
4∑
i=1
xi. (13)
This is the key reflection generating together with S8 the group W (E7).
Let us apply now S8-group to the set {x′} = Rv(S8(x)). Clearly, the action of
its S4 × S4-subgroup leads to the vectors that can be obtained by permutation of
x1, . . . , x8 in (13). However, if we mix coordinates of x
′ from σ1 := {x′1, . . . , x′4} and
σ2 := {x′5, . . . , x′8}, we arrive at new vectors x′′. 16× 8! of them are obtained by permu-
tation by one coordinate from σ1 and σ2. 18× 8! new vectors appear from permutation
by two coordinates from σ1 and σ2 (modulo permutation of σ1 and σ2 themselves which
does not lead to new vectors).
Applying again to the derived set of vectors the key reflection with respect to v, we
find a number of new elements of the W (E7)-group orbit. For instance, we obtain
x˜ = (x˜1, . . . , x˜8) = (−x1 + δ, . . . ,−x4 + δ,−x5 − δ, . . . ,−x8 − δ). (14)
Application of the S8-group to these new elements yields another set of (16 + 18)× 8!
new vectors. Finally, a third application of the key Rv-reflection yields one more set
of independent 8! vectors obtained by coordinate permutations of x˜′ = (−x1, . . . ,−x8).
This consideration shows that the dimension ofW (E7) is 72×8! with the cosetW (E7)/S8
consisting of 72 elements generating transformations x → x′ → x′′ → x˜ → . . . of the
described above form (including the identity transformation).
3.2 First class of dualities with F = SU(4)× SU(4)× U(1)B
Using relation (10), we obtain the first magnetic theory with the internal symmetry
groups
G = SP (2), F = SU(4)l × SU(4)r × U(1)B. (15)
It has two chiral scalar multiplets q and q˜ belonging to the fundamental representation
of SP (2)-group, the gauge field in the adjoint representation V˜ , and the singlets M and
M˜ in the antisymmetric tensor representations of SU(4)-group. Properties of the fields
are summarized in Table 2.
Table 2.
SP (2) SU(4) SU(4) U(1)B U(1)R
q f f 1 −1 1
4
q˜ f 1 f 1 1
4
M 1 TA 1 2
1
2
M˜ 1 1 TA −2 12
V˜ adj 1 1 0 1
2
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This theory was found by Csa´ki et al in [15], where it was listed as the third dual
theory for the SU(2) gauge group. It differs from the original SU(2) duality found by
Seiberg [5], to be described below.
The single particle states index for this magnetic dual theory is given by the expres-
sion
iM(p, q, z, y˜, ŷ) = −
(
p
1− p +
q
1− q
)
χSP (2),adj(z) (16)
+
1
(1− p)(1− q)
(
(pq)rq
1
v
χSU(4),f(y˜)χSP (2),f (z)− (pq)1−rqvχSU(4),f (y˜)χSP (2),f(z)
+ (pq)rMv2χSU(4),TA(y˜)− (pq)1−rM
1
v2
χSU(4),TA(y˜)
+ (pq)reqvχSU(4),f(ŷ)χSP (2),f (z)− (pq)1−req 1
v
χSU(4),f (ŷ)χSP (2),f(z)
+ (pq)rfM
1
v2
χSU(4),TA(ŷ)− (pq)1−rfMv2χSU(4),TA(ŷ)
)
,
where the values of all r’s can be read off from the last column of Table 2. Arbitrary
variable v is associated with the U(1)B-group, its powers are determined by the baryonic
charges of the fields. The characteristic variables y˜j and ŷj of the SU(4)-groups satisfy
the constraints
∏4
j=1 y˜j =
∏4
j=1 ŷj = 1.
In order to compare superconformal indices of the electric and magnetic theories we
need matching of the characteristic variables of two different flavour groups. We denote
y˜j = v
−1yj, ŷj = vyj+4, j = 1, 2, 3, 4,
and set
v = 4
√
y1y2y3y4, v
−1 = 4
√
y5y6y7y8.
Applying now formula (3), we obtain the superconformal index for the magnetic theory
I
(1)
M =
(p; p)∞(q; q)∞
2
∏
1≤i<j≤4
Γ((pq)rMyiyj; p, q)
∏
5≤i<j≤8
Γ((pq)rfMyiyj ; p, q)
×
∫
T
∏4
i=1 Γ((pq)
rqv−2yiz
±1; p, q)
∏8
i=5 Γ((pq)
reqv2yiz
±1; p, q)
Γ(z±2; p, q)
dz
2πiz
. (17)
Using the key formula (10), we find IE = I
(1)
M . This is a new confirmation of the equality
of superconformal indices for Seiberg dual theories, additional to the results of [6].
3.3 Second class of dualities with F = SU(4)× SU(4)× U(1)B
This dual model has the same flavour group as in the previous section and two chiral
scalar multiplets q and q˜ belonging to the fundamental representation of SP (2), gauge
field in the adjoint representation V˜ , and a singlet M . This is the original Seiberg
duality for SU(2) group [5] (it corresponds also to the first SU(2) dual model in [15]).
The representation content of the model is summarized in Table 3.
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Table 3.
SP (2) SU(4) SU(4) U(1)B U(1)R
q f f 1 1 1
4
q˜ f 1 f −1 1
4
M 1 f f 0 1
2
V˜ adj 1 1 0 1
2
The characteristic variables for the SU(4) subgroups are chosen in the same way as in
the previous case.
The single particle index is
iM(p, q, z, y˜, ŷ) = −
(
p
1− p +
q
1− q
)
χSP (2),adj(z) (18)
+
1
(1− p)(1− q)
(
(pq)rqvχSU(4),f(y˜)χSP (2),f(z)− (pq)1−rq 1
v
χSU(4),f (y˜)χSP (2),f(z)
+ (pq)req
1
v
χSU(4),f(ŷ)χSP (2),f (z)− (pq)1−reqvχSU(4),f (ŷ)χSP (2),f(z)
+ (pq)rMχSU(4),f (y˜)χSU(4),f(ŷ)− (pq)1−rMχSU(4),f (y˜)χSU(4),f (ŷ)
)
.
The superconformal index itself in this magnetic theory is found to be
I
(2)
M =
(p; p)∞(q; q)∞
2
4∏
i=1
8∏
j=5
Γ((pq)rMyiyj; p, q) (19)
×
∫
T
∏4
i=1 Γ((pq)
rqv2y−1i z
±1; p, q)
∏8
i=5 Γ((pq)
reqv−2y−1i z
±1; p, q)
Γ(z±2; p, q)
dz
2πiz
.
Equality IE = I
(2)
M is a direct consequence of transformation (10). Namely, it is necessary
to repeat once more this transformation with the parameters s3, s4, s5, s6 playing the role
of t1, t2, t3, t4 and permute appropriately parameters in the result (see, e.g., [1]). Note
that this match of superconformal indices was obtained also in [6] as the N = N˜ = 2
subcase of the SU(N)↔ SU(N˜) gauge group duality (see equality (6.12) there).
3.4 Third dual picture. Flavor group SU(8)
The third type of dual magnetic theories consists of only one model which was considered
by Intriligator and Pouliot [12] (it was described as the second SU(2) dual in [15]). It
has the following symmetry groups
G = SP (2), F = SU(8)
differing from the previous cases. There is one chiral scalar multiplet q in the fundamen-
tal representation of SP (2) and antifundamental representation f¯ of SU(8), the gauge
field in the adjoint representation V˜ , and one singlet M , as described in Table 4.
Table 4.
SP (2) SU(8) U(1)R
q f f 1
4
M 1 TA
1
2
V˜ adj 1 1
2
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The single state index in this case is
iM(p, q, z, y) = −
(
p
1− p +
q
1− q
)
χSP (2N),adj(z) (20)
+
1
(1− p)(1− q)
{
(pq)erχSU(8),f(y)χSP (2N),f(z)− (pq)1−erχSU(8),f (y)χSP (2N),f(z)
+ (pq)rMχSU(8),TA(y)− (pq)1−rMχSU(8),TA(y)
}
,
The magnetic index is easily computed to be given by the integral
I
(3)
M =
(p; p)∞(q; q)∞
2
∏
1≤i<j≤8
Γ((pq)rMyiyj; p, q)
∫
T
∏8
i=1 Γ((pq)
ery−1i z
±1; p, q)
Γ(z±2; p, q)
dz
2πiz
. (21)
The equality IE = I
(3)
M follows from the already established relation I
(1)
M = I
(2)
M , which
is, in a sense, a third sequential application of transformation (10) intertwined with the
S8-group actions (see, e.g., [1]). The derived match of superconformal indices coincides
also with the consideration of N = N˜ = 1 case of the SP (2N)↔ SP (2N˜) gauge group
duality in [6] (see equality (7.12) there).
3.5 Discussion of the number of dualities and some puzzles
We have seen that there are at least four field theories dual to each other, and whose
superconformal indices are connected by the specific Weyl group transformations for
the exceptional root system E7. Such transformations are determined by the coset
W (E7)/S8 of dimension 72. Logically one would expect therefore bigger number of
dualities than we have exhibited.
Trying to model these additional dualities, we considered the flavour symmetry group
F = SU(3)l × U(1)1 × SU(3)r × U(1)2 × U(1)B (22)
and the gauge theory with the field content fixed in Table 5.
SP (2) SU(3) U(1)1 SU(3) U(1)2 U(1)B U(1)R
q1 f 1
3
2 1
3
2 2
1
4
q2 f f
1
2 1 −32 0 14
q3 f 1
3
2 1
3
2 −2 14
q4 f 1 −32 f 12 0 14
X1 1 1 0 f −2 −2 12
X2 1 f −2 1 0 2 12
M2 1 TA −1 1 3 0 12
M4 1 1 3 TA −1 0 12
V˜ adj 1 0 1 0 0 12
Table 5. Additional dualities of the first class.
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It is possible to build the superconformal index for this model and find that it
matches with the second class index (17). However, as it was pointed to us by A.
Khmelnitsky, here one actually has a theory with the flavour group F ′ = SU(4)′l ×
SU(4)′r × U(1)′B. Let us take the dual theory of Sect. 3.2 with the flavour group F ′
and consider decomposition of the corresponding fields with respect to the subgroup
SU(3)l × U(1)′1 × SU(3)r × U(1)′2 × U(1)′B ⊂ F ′ (evidently, there are more than one
such subgroup). Using the fact that for SU(3) group the TA and f¯ representations are
Hodge equivalent, one obtains the theory described in Table 5, provided hypercharges
of the corresponding U(1) groups are identified as follows:
Q′B =
1
2
(QB +Q2 −Q1),
Q′1 = −
1
12
Q1 +
1
4
(QB −Q2), Q′2 = −
1
12
Q2 − 1
4
(QB +Q1).
Similarly one can consider a dual theory with the field content fixed in Table 6,
belonging to the second class of dualities since its superconformal index matches with
(19).
SP (2) SU(3) U(1)1 SU(3) U(1)2 U(1)B U(1)R
q1 f 1 −32 1 −32 −2 14
q2 f f −12 1 32 0 14
q3 f 1 −32 1 −32 2 14
q4 f 1
3
2 f −12 0 14
X1 1 f −1 f −1 0 12
X2 1 1 3 1 3 0
1
2
Y1 1 f 2 1 0 2
1
2
Y2 1 1 0 f 2 −2 12
V˜ adj 1 0 1 0 0 12
Table 6. Additional dualities of the second class.
Again, one can embed this model into the theory with F ′ flavour group with the
same relation between U(1)-charges as above. One could claim that the theories of
Tables 5 and 6 do not differ from models of Sects. 3.2 and 3.3, respectively. However,
they differ by the anomaly matching conditions. Here it is necessary first to explain
how we compare global anomalies of dual theories. Electric theory and third class dual
models have the same SU(8) flavour group and there are no problems in comparison
of anomalies. However in the models of first and second classes the flavour groups are
SU(4)l × SU(4)r × U(1)B which leads to the main puzzle of these dualities. According
to ’t Hooft, anomalies of the global symmetries should match in the ultraviolet (UV)
and infrared (IR) regimes. In the second and third class dual models, which supposedly
describe the same IR dynamics, we miss a large piece of the SU(8) axial currents needed
for comparison with the UV picture of the electric theory. Surprisingly, this problem
was not discussed in the literature although in many papers this mismatch in flavour
groups for SU(2) gauge group models was noticed (including the original Seiberg work
[5]). We have found only one paper by Leigh and Strassler [24] with partial discussion
of the dynamics in the presence of such an “accidental symmetry”.
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So, in [24] it is claimed that at the IR fixed point the original Seiberg dual model
has actually full SU(8) flavour group, a part of which is realized in some non-linear non-
perturbative way. In support of this conjecture, rotations of a pair of quark superfields
with mass terms added to the electric theory was considered. In the dual picture a
superpotential was suggested depending on the parameters of this rotation, indicating
on the existence of continuously many dual theories. However, one bothering issue
with considerations of [24] is that the manifest flavour symmetry group is changing its
structure abruptly with vanishing of one of the superpotential parameters. Second, more
important, no explicit flavour SU(8)-transformations of the dual theory were exhibited,
their influence on the whole superpotential (e.g., without adding mass terms) was not
established, and no ’t Hooft anomaly matching conditions were verified for the missing
part of the global symmetry currents. All these puzzles show that understanding of the
duality for the SU(2) gauge group, where one has an “accidentally” large flavour group,
is not satisfactory yet.
Return now to the model of Sect. 3.2 with the flavour group F . It is not difficult
to check [15] that its anomalies match with the anomalies of electric theory for the
subgroup F ⊂ SU(8). Similar picture holds evidently for the model of Table 5 since
it is equivalent to a similar model with the flavour group F ′. However, if we compare
anomalies of the Csa´ki et al and Table 5 models, there is a nontrivial possibility to
identify the U(1)B group in Table 5 (which differs from U(1)
′
B) with the U(1)B in Table
2. To compare anomalies of these two dual models, we need to decompose fields in
Table 2 with respect to the flavour group of Table 5. After that it can be checked that
the anomalies do match indeed. It looks like that these two Csa´ki et al type models
are related to each other by some SU(8) flavour space rotation supporting again the
Leigh-Strassler claim about the presence of this hidden symmetry at the IR fixed point.
However, we cannot describe the explicit form of this rotation. Similar picture holds for
the Seiberg type second class dual models of Tables 3 and 6.
Moreover, one can consider other subgroups of the group SU(4)l× SU(4)r ×U(1)B:
(SU(2)× SU(2)× U(1))2 × U(1)B, U(1)3 × SU(2)× SU(3)× U(1)B,
U(1)2 × SU(2)3 × U(1)B, U(1)4 × SU(2)2 × U(1)B,
U(1)5 × SU(2)× U(1)B, U(1)6 × U(1)B
and verify anomaly matchings for them. Relying on the structure of the coset space
W (E7)/S8 described in the end of Sect. 3.1, we expect that there will be 35 theories
in both first and second classes of dualities. A diagonal SU(8) matrix can be split into
two 4 × 4 matrices with different entries (up to permutation of these submatrices) in
1
2
(
8
4
)
= 35 ways. This qualitative counting corresponds to the number of ways one can
embed SU(4)l × SU(4)r × U(1)B into the SU(8) group.
Therefore we expect that the total number of theories distinguished in UV and related
by the duality is equal to 72. In order to clarify the situation completely, one has to
build superpotentials differentiating all these models. Also, one may try to build non-
linear chiral models for degrees of freedom associated with the cosets SU(8)/(SU(4)×
SU(4)×U(1)) such that the full anomaly matching conditions will be restored pairwise
for all 72 models. Discussion of such questions lies beyond the scope of the present
paper.
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4 Multiple duality for higher rank symplectic gauge
groups
4.1 Electric theory with the flavour group SU(8)× U(1)
Now we pass to investigation of the general SP (2N) gauge group models. We describe
the same multiple duality phenomenon for N = 1 SQCD electric theory with the overall
internal symmetry group G× F , where
G = SP (2N), N > 1, F = SU(8)× U(1).
This theory has one chiral scalar multiplet Q belonging to the fundamental represen-
tations of G and F , the vector multiplet V in the adjoint representation, and the anti-
symmetric SP (2N)-tensor field X . The field content is fixed in Table 7.
Table 7.
SP (2N) SU(8) U(1) U(1)R
Q f f −N−1
4
1
4
X TA 1 1 0
V adj 1 0 1
2
For N = 1 the field X is absent and U(1)-group is completely decoupled.
This electric theory and its one magnetic dual were considered in [14]. However,
there are more dualities similar to the SP (2) group case. The single particle states
index is
iE(p, q, z, y) = −
(
p
1− p +
q
1− q
)
χSP (2N),adj(z) (23)
+
1
(1− p)(1− q)
{
(pq)rXχSP (2N),TA(z)− (pq)1−rXχSP (2N),TA(z)
+ (pq)rQχSU(8),f (y)χSP (2N),f(z)− (pq)1−rQχSU(8),f (y)χSP (2N),f(z)
}
,
where characters χR(g) for g ∈ SP (2N) are functions of free N complex variables
zj , j = 1, . . . , N . We denote also
rQ = RQ + eQs, rX = eXs,
where 2RQ = 1/2 is the R-charge of the Q-field, eQ = −(N − 1)/4 and eX = 1 are the
U(1)-group hypercharges, and s is an arbitrary chemical potential for the latter abelian
group. The electric superconformal index is then
IE =
(p; p)N∞(q; q)
N
∞
2NN !
Γ((pq)s; p, q)N−1
∫
TN
∏
1≤i<j≤N
Γ((pq)sz±1i z
±1
j ; p, q)
Γ(z±1i z
±1
j ; p, q)
×
N∏
j=1
∏8
k=1 Γ((pq)
rQykz
±1
j ; p, q)
Γ(z±2j ; p, q)
dzj
2πizj
. (24)
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We have the constraint
∏8
k=1 yk = 1, which coincides with the balancing condition for
this elliptic hypergeometric integral due to a special choice of the R-charge of the chiral
scalar multiplet Q.
Now we construct a number of SP (2N)-dual theories from the Rains symmetry
transformation [18] for the following higher rank BCN -root system generalization of
integral (9):
I(t1, . . . , t8; t, p, q) =
∏
1≤j<k≤8
Γ(tjtk; p, q, t)
(p; p)N∞(q; q)
N
∞
2NN !
×
∫
TN
∏
1≤j<k≤N
Γ(tz±1j z
±1
k ; p, q)
Γ(z±1j z
±1
k ; p, q)
N∏
j=1
∏8
k=1 Γ(tkz
±1
j ; p, q)
Γ(z±2j )
dzj
2πizj
, (25)
where nine variables t, t1, . . . , t8 ∈ C satisfy the balancing condition
t2N−2
8∏
j=1
tj = (pq)
2
and the inequalities |t|, |tj| < 1. Here
Γ(z; p, q, t) =
∞∏
j,k,l=0
(1− ztjpkql)(1− z−1tj+1pk+1ql+1)
is the elliptic gamma function of the second order satisfying the key t-difference equation
Γ(tz; p, q, t) = Γ(z; p, q)Γ(z; p, q, t).
Rains has proved the following W (E7)-group transformation for integrals (25):
I(t1, . . . , t8; t, p, q) = I(s1, . . . , s8; t, p, q), (26)
where we denoted the variables
sj = ρ
−1tj , j = 1, 2, 3, 4, sj = ρtj , j = 5, 6, 7, 8, (27)
ρ =
√
t1t2t3t4
pqt1−N
=
√
pqt1−N
t5t6t7t8
.
We describe a group theoretical interpretation of integral (25) and use relation (26) for
equating superconformal indices of the dual theories. We conjecture again that there
are 72 theories dual to each other with only 4 of them looking essentially different.
4.2 First class of dualities
The first magnetic theory has the symmetry groups
G = SP (2N), F = SU(4)l × SU(4)r × U(1)B × U(1).
It contains two chiral scalar multiplets q and q˜ belonging to the fundamental representa-
tions of SP (2N), gauge field in the adjoint representation V˜ , the anti-symmetric tensor
representation Y˜ , and the singlets MJ and M˜J , J = 0, . . . , N − 1, as described in Table
8. Similar to N = 1 case, we expect that there are 35 dual models in this class.
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Table 8.
SP (2N) SU(4) SU(4) U(1)B U(1) U(1)R
q f f 1 −1 −N−1
4
1
4
q˜ f 1 f 1 −N−1
4
1
4
Y TA 1 1 0 1 0
MJ 1 TA 1 2
2J−N+1
2
1
2
M˜J 1 1 TA −2 2J−N+12 12
V˜ adj 1 1 0 0 1
2
In this and all other tables given below the capital index J takes the values 0, . . . , N−1,
which is not mentioned further for saving space.
The single particle state index is
iM(p, q, z, y˜, ŷ) = −
(
p
1− p +
q
1− q
)
χSP (2N),adj(z) (28)
+
1
(1− p)(1− q)
{
(pq)rY χSP (2N),TA(z)− (pq)1−rY χSP (2N),TA(z)
+ (pq)rq
1
v
χSU(4),f (y˜)χSP (2N),f(z)− (pq)1−rqvχSU(4),f(y˜)χSP (2N),f (z)
+ (pq)reqvχSU(4),f (ŷ)χSP (2N),f(z)− (pq)1−req 1
v
χSU(4),f(ŷ)χSP (2N),f (z)
+
N−1∑
J=0
(
(pq)rMJ v2χSU(4),TA(y˜)− (pq)1−rMJ
1
v2
χSU(4),TA(y˜)
+ (pq)
rfMJ
1
v2
χSU(4),TA(ŷ)− (pq)1−rfMJ v2χSU(4),TA(ŷ)
)}
,
where
rq = Rq − N − 1
4
s, req = Req − N − 1
4
s, rY = s,
rMJ = RMJ −
1
2
(N − 1− 2J)s, rfMJ = RfMJ −
1
2
(N − 1− 2J)s.
For the comparison with the electric theory we denote the characteristic variables as
v = 4
√
y1y2y3y4 and y˜j = v
−1yj, ŷj = vyj+4, j = 1, 2, 3, 4. As a result, we find the
superconformal index in this magnetic theory
I
(1)
M =
N−1∏
J=0
∏
1≤i<j≤4
Γ((pq)rMJ yiyj; p, q)
∏
5≤i<j≤8
Γ((pq)
rfMJ yiyj; p, q)
× Γ((pq)s; p, q)N−1 (p; p)
N
∞(q; q)
N
∞
2NN !
∫
TN
∏
1≤i<j≤N
Γ((pq)sz±1i z
±1
j ; p, q)
Γ(z±1i z
±1
j ; p, q)
×
N∏
j=1
∏4
i=1 Γ((pq)
rqv−2yiz
±1
j ; p, q)
∏8
i=5 Γ((pq)
reqv2yiz
±1
j ; p, q)
Γ(z±2j ; p, q)
dzj
2πizj
. (29)
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The equality IE = I
(1)
M follows from the Rains transformation (26) after using the
relations ∏
1≤j<k≤4
Γ
(
ρ−2tjtk; p, q, t
)
=
∏
1≤j<k≤4
Γ
(
pqt1−N
t1t2t3t4
tjtk; p, q, t
)
=
∏
1≤j<k≤4
Γ
(
pqt1−N
tjtk
; p, q, t
)
=
∏
1≤j<k≤4
Γ
(
tN tjtk; p, q, t
)
=
∏
1≤j<k≤4
(
N−1∏
l=0
Γ
(
tltjtk; p, q
))
Γ (tjtk; p, q, t) ,
since
Γ(pqtz; p, q, t) = Γ(z−1; p, q, t).
4.3 Second class of dualities
The second class of dual magnetic theories has the same flavour group as in the previous
case but different representation content. Again, we expect that there are 35 dual models
in this class whose generic representative is described in Table 9.
Table 9.
SP (2N) SU(4) SU(4) U(1)B U(1) U(1)R
q f f 1 1 −N−1
4
1
4
q˜ f 1 f −1 −N−1
4
1
4
Y TA 1 1 0 1 0
MJ 1 f f 0
2J−N+1
2
1
2
V˜ adj 1 1 0 0 1
2
Similarly to the previous case, we find
iM(p, q, z, y˜, ŷ) = −
(
p
1− p +
q
1− q
)
χSP (2N),adj(z) (30)
+
1
(1− p)(1− q)
{
(pq)rY χSP (2N),TA(z)− (pq)1−rY χSP (2N),TA(z)
+ (pq)rqvχSU(4),f(y˜)χSP (2N),f(z)− (pq)1−rq
1
v
χSU(4),f (y˜)χSP (2N),f(z)
+ (pq)req
1
v
χSU(4),f(ŷ)χSP (2N),f (z)− (pq)1−reqvχSU(4),f (ŷ)χSP (2N),f(z)
+
N−1∑
J=0
(
(pq)rMJχSU(4),f (y˜)χSU(4),f(ŷ)− (pq)1−rMJχSU(4),f(y˜)χSU(4),f (ŷ)
)}
,
where
rq = req =
1
4
− N − 1
4
s, rY = s, rMJ =
1
2
− 1
2
(N − 1− 2J)s.
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Then the index for this magnetic theory is given by
I
(2)
M = Γ((pq)
s; p, q)N−1
N−1∏
J=0
4∏
i=1
8∏
j=5
Γ((pq)rMJ yiyj; p, q)
× (p; p)
N
∞(q; q)
N
∞
2NN !
∫
TN
∏
1≤i<j≤N
Γ((pq)sz±1i z
±1
j ; p, q)
Γ(z±1i z
±1
j ; p, q)
×
N∏
j=1
∏4
i=1 Γ((pq)
rqv2y−1i z
±1
j ; p, q)
∏8
i=5 Γ((pq)
reqv−2y−1i z
±1
j ; p, q)
Γ(z±2j ; p, q)
dzj
2πizj
, (31)
where we have chosen the same relations between the characteristic variables v, y˜j, ŷj
and yj as for I
(1)
M . In order to prove IE = I
(2)
M , it is necessary to repeat the Rains
transformation twice with the parameters s3, s4, s5, s6 playing the role of t1, t2, t3, t4 in
the same way as was done in the N = 1 rank case.
4.4 Third dual picture
Finally, there is only one representative in the third class of magnetic theories. It has
the symmetry groups
G = SP (2N), F = SU(8)× U(1),
and its fields content is fixed in Table 10.
Table 10.
SP (2N) SU(8) U(1) U(1)R
q f f −N−1
4
1
4
Y TA 1 1 0
MJ 1 TA
2J−N+1
2
1
2
V˜ adj 1 0 1
2
This dual theory was constructed originally in [14].
The single particle state index in this case is
iM(p, q, z, y) = −
(
p
1− p +
q
1− q
)
χSP (2N),adj(z) (32)
+
1
(1− p)(1− q)
{
(pq)rY χSP (2N),TA(z)− (pq)1−rY χSP (2N),TA(z)
+ (pq)rqχSU(8),f (y)χSP (2N),f(z)− (pq)1−rqχSU(8),f (y)χSP (2N),f(z)
+
N−1∑
J=0
(
(pq)rMJχSU(8),TA(y)− (pq)1−rMJχSU(8),TA(y)
)}
,
where
rq =
1− s(N − 1)
4
, rY = s, rMJ = sJ +
1− s(N − 1)
2
.
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The magnetic superconformal index has the form
I
(3)
M = Γ((pq)
rY ; p, q)N−1
N−1∏
J=0
∏
1≤i<j≤8
Γ((pq)rMJ yiyj; p, q)
× (p; p)
N
∞(q; q)
N
∞
2NN !
∫
TN
∏
1≤i<j≤N
Γ((pq)rY z±1i z
±1
j ; p, q)
Γ(z±1i z
±1
j ; p, q)
×
N∏
j=1
∏8
i=1 Γ((pq)
rqy−1i z
±1
j ; p, q)
Γ(z±2j ; p, q)
dzj
2πizj
, (33)
Equality IE = I
(3)
M follows from a triple application of the key identity (26) similar to the
N = 1 case considered earlier. For a special quantized value of the parameter s = 1
N+1
,
this result describes equality of superconformal indices in the Kutasov-Schwimmer dual
models with the SP (2N) gauge group, the number of flavour Nf = 4, and a special
value of the corresponding parameter k = N , see [8, 9, 6]. After a reduction to the
s-confining theory (see below), one obtains equality of indices for Nf = 3, k = N case
as well. As to the ’t Hooft anomaly matching conditions for our new dual models – we
have verified that all of them are satisfied.
5 Reduction to six flavours
If we take t7t8 = pq (or y7y8 = (pq)
1/2) for the SP (2)-group case, then, because of the
reflection identity Γ(a, b; p, q) = 1 for ab = pq, the integral I(t1, . . . , t8; p, q) is reduced to
the left-hand side of (1). In physical terms this means that we add to the SP (2) gauge
group SQCD Lagrangian mass terms for two components of the quark superfields and
tend their masses to infinity washing away them from the spectrum. As to the integral
I
(1)
M , in this limit two pairs of poles pinch the contour of integration T and integral’s
value is given by the sum of corresponding residues which yields the right-hand side
expression in (1). Physically this means that the corresponding dual magnetic theory
is the Wess-Zumino model of appropriate meson fields, and the electric theory has
confinement.
However, if we set y4y5 = (pq)
1/2, then the integral I
(1)
M gets simplified, but there is
no pinching of the contour and there remains a nontrivial integral. Physically this means
that addition of large mass terms to different quark superfield components reduces the
number of flavours to 6, but it keeps the gauge group SP (2) intact with the flavour
group being reduced to SU(3)l×SU(3)r ×U(1)B ×U(1)add. Note that the latter group
is of rank 6 whereas the electric theory has SU(6) flavour group of rank 5.
For the second class dual models the situation is different. For y7y8 = (pq)
1/2 there is
no pinching of the contour in I
(2)
M . This integral gets simplified, but remains a non-trivial
integral. The corresponding SQCD model has the non-trivial gauge group G = SP (2)
and F = SU(4) × SU(2) × SU(2)add × U(1)B. Again, this flavour group has rank 6.
Vice versa, for y4y5 = (pq)
1/2 one finds pinching of the contour in I
(2)
M , the integration
disappears, and one comes to the s-confinement with the plain meson fields theory. In
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the third class dual model there is only one option – for any yjyk = (pq)
1/2 the contour
in I
(3)
M is pinched, gauge group disappears, and one comes to the s-confinement.
Similar picture holds for SP (2N), N > 1, gauge group case. Skipping the details,
we present the corresponding non-trivial field theories in the tables below. The electric
theory is described in Table 11.
Table 11.
SP (2N) SU(6) U(1) U(1)R
Q f f −N−1
3
1
6
X TA 1 1 0
V adj 1 0 1
2
The first class dual models with nontrivial gauge group are described in Table 12.
Equality of the corresponding superconformal indices is obtained after mere substitution
of the constraint y4y5 = (pq)
(1+(N−1)s)/2 into formulas (24) and (29).
Table 12.
SP (2N) SU(3) SU(3) U(1) U(1)B U(1)add U(1)R
q f f 1 −N−1
3
-1 -1 1
6
q˜ f 1 f −N−1
3
1 1 1
6
M1J 1 TA = f 1 J − 2N−13 4 0 13
N1J 1 f 1 J − N−13 2 2 23
M2J 1 1 TA = f J − 2N−13 -4 0 13
N2J 1 1 f J − N−13 -2 -2 23
Y TA 1 1 1 0 0 0
V˜ adj 1 1 0 0 0 1
2
The second class dual models with the nontrivial gauge group are described in Table
13. Equality of the corresponding indices is obtained after substitution of the constraint
y7y8 = (pq)
(1+(N−1)s)/2 into formulas (24) and (31).
Table 13.
SP (2N) SU(4) SU(2)add SU(2) U(1) U(1)B U(1)R
q f f 1 1 −N−1
3
-1 1
6
q˜ f 1 f 1 −N−1
3
2 1
6
MJ 1 f f 1 J − N−13 -1 23
NJ 1 f 1 f J − 2N−13 1 13
Y TA 1 1 1 0 0 0
V˜ adj 1 1 0 0 0 1
2
Finally, the field content of the model without gauge group is fixed in Table 14,
where k = 2, . . . , N and J = 0, . . . , N − 1.
Table 14.
SU(6) U(1) U(1)R
Mk 1 k 0
NJ TA J − 2N−13 13
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For completeness, we present explicitly equality of superconformal indices for this case
in the appropriate notation:
IE =
(p; p)N∞(q; q)
N
∞
2NN !
Γ(t; p, q)N−1
∫
TN
∏
1≤j<k≤n
Γ(tz±1j z
±1
k ; p, q)
Γ(z±1j z
±1
k ; p, q)
×
N∏
j=1
∏6
m=1 Γ(tmz
±1
j ; p, q)
Γ(z±2j ; p, q)
dzj
2πizj
= IM =
N∏
j=2
Γ(tj ; p, q)
N−1∏
J=0
∏
1≤k<m≤6
Γ(tJtktm; p, q), (34)
where |p|, |q|, |t|, |tm| < 1, and t2n−2
∏6
m=1 tm = pq. This relation describes the elliptic
analogue of the Selberg integral for the BCN -root system [1]. The dual theories of Tables
12 and 13 are new, and the s-confined model of Table 14 was described in [16].
Let us discuss now the possible number of Nf = 6 dual models. To count them one
has to describe the group structure of integrals remaining after imposing the constraint
t7t8 = pq. In the notation used for the description of W (E7) in the end of Sect. 3.1, it
is equivalent to the constraint x7 + x8 = const. This reduces the E7 root system to E6.
The Weyl group W (E6) includes the evident S6 × S2 group permuting first six and last
two coordinates of x = (x1, . . . , x6; x7, x8) between themselves. It is generated by the
Rv-reflections for the vectors v ∈ ±(ei − ej) for 1 ≤ i < j ≤ 6 or i = 7, j = 8. Other
nontrivial 20 vectors are obtained by the Rv-reflections of the S6 × S2 orbit of x for the
vectors
v ∈ 1
2
(
8∑
k=1
(−1)µkek
)
, µk ∈ {0, 1},
6∑
k=1
µk = 3, µ7 + µ8 = 1 (35)
leading to the coordinate tranformations
x′j = xj −
1
4
8∑
k=1
(−1)µj+µkxk,
where j = 1, . . . , 8. The remaining 15 nontrivial vectors of theW (E6)-orbit are obtained
by the reflections RvRv′ with v, v
′ from (35). They have coordinates of the form
x′k1,k2,k3,k4 = −xk1,k2,k3,k4 +
1
2
(xk1 + xk2 + xk3 + xk4),
x′k5 = −x7 +
1
2
(x7 + x8 + xk5 + xk6), x
′
k6 = −x8 +
1
2
(x7 + x8 + xk5 + xk6),
where k1, . . . , k6 ∈ {1, . . . , 6} for ki 6= kj and, finally,
x′7 = −xk5 +
1
2
(x7 + x8 + xk5 + xk6), x
′
8 = −xk6 +
1
2
(x7 + x8 + xk5 + xk6).
Since dim{W (E6)/(S6 × S2)} = 36, it is expected that there are 36 dual models with
the nontrivial gauge group G = SP (2N) and Nf = 6. The rest of 36 dual models with
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Nf = 8 reduce for Nf = 6 to one additional 37th s-confined dual model without gauge
group (which becomes completely Higgsed).
There is an interesting problem of comparing anomalies for Nf = 6 theories. It
is not difficult to check validity of ’t Hooft’s criterion for the electric and confined
theories. However, the first and second class dual models have rather different flavour
groups explicitly seen in UV. To compare with the electric theory, one can check first
that all anomalies associated with SU(2)add and U(1)add groups vanish. Then it is
necessary to embed the remaining parts of the magnetic flavour groups into SU(6)×U(1)
and match the corresponding anomalies in the standard way. The missing anomalies
for the cosets SU(6)/(SU(3)× SU(3) × U(1)B) and SU(6)/(SU(4) × SU(2) × U(1)B)
may, probably, be imitated by some nonlinear chiral models added to the corresponding
SQCD’s. If we compare anomalies of the first and second class dual magnetic models
between themselves, it is necessary to go further and split both flavour groups without
SU(2)add and U(1)add pieces to the smaller subgroup SU(3)× SU(2)× U(1)1 × U(1)×
U(1)B, for which the anomalies match in the standard way. The rest of the anomalies
for non-explicit pieces of the flavour symmetries may, probably, be related to (unknown)
non-linear chiral models incorporated into both magnetic theories.
6 Conclusion
To conclude, in this paper we have used known W (E7)-group transformation identities
for elliptic hypergeometric integrals in order to describe some known and new Seiberg
dualities for N = 1 supersymmetric field theories with SP (2N) gauge groups and the
number of flavours Nf = 8 and Nf = 6. We expect that there are 72 self-dual theories
for Nf = 8, among which only four have essentially different field content and symmetry
groups. For Nf = 6 we expect existence of 36 dual theories with the non-trivial gauge
group (with only three essentially different field content models) and one s-confined
meson fields theory. The flavour groups for N = 1 and N > 1 differ from each other.
The tables for N = 1 can be obtained from those of N > 1 after setting J = 0, N = 1
and deleting one row and one column. We decided to give separate consideration of the
N = 1 case because all superconformal indices for dual theories known to us involve
generalizations of one or another transformation of the corresponding electric theory
characteristic variables. For instance, there is an interesting reduced form of the multiple
duality phenomenon for G = SU(N) gauge groups for N > 2 [15, 19].
It turns out that the connection of superconformal indices with the elliptic hyper-
geometric integrals leads to some new results in the theory of elliptic hypergeometric
functions. Namely, there are new conjectures for both – the elliptic beta integrals and
transformation identities for higher order elliptic hypergeometric functions on root sys-
tems. For example, there is an almost complete match of the list of s-confining theories
in [16] and elliptic beta integrals on root systems listed in [1], with one of the known
integrals leading to a new example of s-confining theories [19]. Vice versa, e.g., an anal-
ysis of the s-confining duality for the exceptional gauge group G2 of [13] leads to the
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following new elliptic beta integral
(p; p)2∞(q; q)
2
∞
223
∫
T2
∏3
k=1
∏5
m=1 Γ(tmz
±1
k ; p, q)∏
1≤j<k≤3 Γ(z
±1
j z
±1
k ; p, q)
2∏
k=1
dzk
2πizk
=
5∏
m=1
Γ(t2m; p, q)
Γ(tm; p, q)Γ((pq)1/2tm; p, q)
∏
1≤l<m≤5
Γ(tltm; p, q)
Γ((pq)1/2tltm; p, q)
, (36)
where z1z2z3 = 1, |tm| < 1, and
∏5
m=1 tm = (pq)
1/2. As we have known from a private
communication, this formula was conjectured also earlier by M. Ito. At the moment, no
proof of this relation is known to the authors.
The considerations of [2, 3, 6] justify the superconformal index building algorithm
only for marginally deformed free theories (we are indebted to F. Dolan and Yu. Nakayama
for stressing to us this point). However, we apply it to the interacting theories and, by
some deep reason, it works for them rather well. Therefore it is necessary to find a more
rigorous derivation of formula (3) for Seiberg dual theories.
Consider now the constraints on the parameters of our models coming from the
renormalization group analysis. The original Seiberg duality [5] is based on the gauge
groups GE = SU(N) and GM = SU(Nf − N) with the flavour group SU(Nf )l ×
SU(Nf )r × U(1)B (we used above different counting of the number of flavours which
corresponds to 2Nf = 6, 8 in the Seiberg notation). Existence of the asymptotic freedom
in the electric theory leads to the constraint Nf < 3N . Similar requirement for the
magnetic theory yields the bound 3N/2 < Nf . The combination of two restrictions is
called the conformal window. Formally, for N = 2 and Nf = 4 the corresponding models
lie in the conformal window. However, for all our theories the lower bound 3N/2 < Nf
is not relevant. In the context of SP (2N)↔ SP (2(Nf −N − 2)) duality with SU(2Nf )
flavour groups found in [12], the conformal window has the form 3(N + 1)/2 < Nf <
3(N+1). Formally, for N = 1 and Nf = 4 we have again a pair of models satisfying this
constraint, but the lower bound of this window is not relevant again. The reason for
the absence of lower bounds stems from the self-duality of our models. Indeed, for all of
them the rank of the dual gauge group is fixed, and it does not depend on the number
of flavours. As a result, all our G = SP (2N) models are simultaneously automatically
asymptotically free (both, for N = 1 and N > 1). If we consider these models with
arbitrary number of flavours 2Nf in the fundamental representation, then for all of them
the one loop beta function is β(g) = −g3(2N + 4 − Nf)/8π2. Asymptotic freedom is
guaranteed by the universal bound Nf < 2N + 4, which is satisfied in our case Nf = 4
for arbitrary N ≥ 1. Let us remark also that at the infrared fixed point, the dimensions
of gauge-invariant scalar fields ∆ are determined by the R-charges, ∆ = 3R/2. All our
meson fields have thus the dimensions 3/2 satisfying the unitarity constraints ∆ ≥ 1.
As to the ’t Hooft anomaly matching conditions – they are satisfied pairwise for
all dual theories described above for smaller flavour groups. It looks like that the key
properties needed for this matching are encoded into the balancing conditions and the
SLτ (2;Z) or SLσ(2;Z) modular group invariance of “totally” elliptic functions hidden
in the structure of superconformal indices [1]. (Here the modular variables τ and σ are
related to p and q as p = e2piiτ and q = e2piiσ.)
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As a final remark, we would like to speculate on the relevance of the exceptional root
system E7. The well known Kramers-Wannier duality relates 2D Ising models for low
and high temperatures. Existence of the unifying model with the Hamiltonian allowing
for an explicit transformation of relevant degrees of freedom makes this duality easy to
understand. Putting Seiberg duality in a similar context, it looks like that the global
symmetry group of the “brane” (higher-dimensional) theory unifying all the Seiberg dual
theories for SP (2N) groups is E7, and it is different “degenerations” that lead to either
SU(8)×U(1) or SU(4)l×SU(4)r×U(1)B×U(1) flavour groups. In any case, the brane
dynamics reproducing Seiberg duality for SU(2) gauge group is expected to be more
complicated than that described in [25]. In order to clarify the origins of this picture
it is necessary to build superpotentials and nonlinear chiral models for our dualities
distinguishing them from each other (like in the triality of [10]) and to find their place
within the AdS/CFT correspondence framework.
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7 Appendix. Characters for unitary and symplectic
groups
A character χR(g) for g ∈ SU(N) is a function of the complex eigenvalues of g
x = (x1, . . . , xN ),
N∏
i=1
xi = 1.
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The characters of the fundamental and antifundamental representations of SU(N) group
are given by
χSU(N),f (x) =
N∑
i=1
xi, χSU(N),f(x) = χSU(N),f(x
−1).
We use also general properties of the characters
χf1⊕f2 = χf1 + χf2 , χf1⊗f2 = χf1χf2.
For the adjoint representation one has χSU(N),adj(x) = (
∑N
i=1 xi)(
∑N
j=1 x
−1
j )−1. The
character for the anti-symmetric tensor representation of SU(N) is
χSU(N),TA(x) =
∑
1≤i<j≤N
xixj, χSU(N),TA(x) = χSU(N),TA(x
−1).
A character χR(g) for g ∈ SP (2N) is a function of the complex eigenvalues of g, x =
(x1, . . . , xN). The characters of the fundamental and antifundamental representations of
SP (2N) group have the form
χSP (2N),f(x) = χSP (2N),f (x) =
N∑
i=1
(xi + x
−1
i ).
The character for the adjoint representation of SP (2N) is
χSP (2N),adj(x) =
∑
1≤i<j≤N
(xixj + xix
−1
j + x
−1
i xj + x
−1
i x
−1
j ) +
N∑
i=1
(x2i + x
−2
i ) +N.
For N = 1 it coincides with the adjoint representation character for SU(2) group. The
character for the anti-symmetric tensor representation of SP (2N) is
χSP (2N),TA(x) =
∑
1≤i<j≤N
(xixj + xix
−1
j + x
−1
i xj + x
−1
i x
−1
j ) +N − 1.
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